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Abstract: It is shown that the quantization of a superparticle propagating in an N = 1, 
D = 4 superspace extended with tensorial coordinates results in an infinite tower of massless 
spin states satisfying the Vasiliev unfolded equations for free higher spin fields in flat and 
A0IS4 N = 1 superspace. The tensorial extension of the AdS^ superspace is proved to 
be a supergroup manifold OSp (1|4). The model is manifestly invariant under OSp (N\8) 
(N=l,2) superconformal symmetry. As a byproduct, we find that the Cartan forms of 
arbitrary Sp(2n) and OSp(l\2n) groups are GL(2n) flat, i.e. they are equivalent to flat 
Cartan forms up to an exactly determined GL (2n) rotation. This property is crucial for 
carrying out the quantization of the particle model on 05p(l|4) and getting the higher 
spin field dynamics in super AdS&, which can be performed in a way analogous to the flat 
case. 
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1. Introduction 

It is well known that the higher spin fields naturally arise in the quantization of classical 
superstrings and describe an infinite tower of quantum string states with masses linearly 
depending on spin and on inverse string tension. In the limit where the string tension tends 
to zero all (higher spin) string states become massless and may be regarded as gauge fields 
of an infinite, so called, higher spin symmetry. There is a conjecture that string theory is 
a spontaneously broken phase of a gauge theory of higher spin fields. If this conjecture is 
realized, it can be useful for better understanding of string/M theory and of the AdS/CFT 
correspondence (see e.g. jy, ||, g). This is one of the motivations of the development of 
the theory of interacting higher spin fields. 

Understanding the interactions of higher spin fields is a main problem of the construc- 
tion of the higher spin field theory, the gauge invariance playing a crucial role in cancelling 
the contribution of the states of negative norm. The interaction problem already reveals 
itself when one tries to couple higher spin fields to gravity. As it has been realized in Q a 
space-time with a constant curvature, in particular an Anti de Sitter space, rather than a 
flat space, is an appropriate vacuum background on which the construction of a consistent 
interacting theory of higher spin fields should be based. 

There are at least two alternative approaches to the description of massless higher 
spin fields both in flat and in AdS backgrounds (see e.g. (E| for a recent review and for the 
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construction of conformal higher spin theory). One of the approaches is the formulation 
in terms of totally symmetric tensor fields (see Q for the case of AdS±, (?], ||] for the 
case of arbitrary dimensional AdS spaces and |]] for the latest developments). Another 
approach is a geometrical formulation jjj], [10] - |l5| in which an important role in the 
construction of interacting higher spin field theory is played by the algebra of higher spin 
symmetries hs(2n). Since the number of higher spin fields is infinite the algebra hs(2n) 
is infinite dimensional and contains the algebra of isometries of the AdS space as a finite 
dimensional subalgebra. The realization of the higher spin algebra on the higher spin fields 
is described with the help of auxiliary spinor variables which are very similar to twistors. 

This fact may have quite interesting implications. One may ask if there exists a 
(super)particle model whose quantization would produce an infinite set of the higher spin 
fields and whether it may be used to understand how the higher spin interactions can be 
introduced. Since together with an AdS background, the consistent interactions of the 
higher spin fields require that the whole infinite tower of them be involved, the quantum 
states of such a superparticle should form the infinite higher spin set, and not a finite 
one, as conventional superparticle and spinning particle models have. In other words, the 
theory should not have the constraint which fixes the value of the second Casimir operator 
(helicity). Twistors turn out to be rather useful to construct such a model. In there has 
been proposed a model of a massless superparticle inaniV = l,_D = 4 superspace enlarged 
with tensorial coordinates and twistor-like spinor variables. The conjugate momenta of 
these tensorial coordinates appear as tensorial charges in a superalgebra which generates 
the supersymmetry of the system. It is worth noting that this model has been the first 
example of BPS states which preserve more than one half supersymmetry. (A generalization 
of this model to a massive superparticle has been discussed in fTTfl . See also Jl8|, [0J for 
further developments and applications to the case of branes). The quantum spectrum of 
the massless tensorial superparticle has been shown ^0] to consist of an infinite tower of 
massless higher (integer and half integer) spin states, while the twistorial variables become 
noncommutative, and it has been assumed that this theory corresponds to the higher spin 
field theory developed by Vasiliev |l(], |ll|, [TJ]. 

The aim of the present paper is to study in more detail this relationship and, in 
particular, to analyze the OSp(l\8) and OSp (2|8) superconformal invariance of the model 
and to derive the so called 'unfolded' equations of motion of higher spin fields [10, 11, 12] 
which appear as a result of the quantization of the superparticle. 

We start with the superparticle model in the flat N = 1, D = 4 superspace extended 
with tensorial coordinates and determine its OSp(N\8) (N = 1,2) structure. We then 
pass to a superparticle in an N = 1 supersymmetric AdS± background and show that 
its tensorial extension is a supergroup manifold OSp{l\4). The classical dynamics of a 
superparticle on super AdS^ and on OSp(l\4) has already been considered in pi"| . 

At this point we should note that since the relationship of the quantized superparticle 



models of [^Cj, 21] to the unfolded higher spin field equations was not clear, in [jllj the 



actions for these superparticles were enlarged with new variables along with kinetic terms 
for twistorial coordinates. Such a modification changed the structure of first and second 
class constraints but at the same time kept the number of physical degrees of freedom 
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of the models intact. This generalization is similar to and is a Lagrangian form of the 



conversion procedure used in [ 20 1 to quantize the superparticle by converting second class 
constraints into first class constraints with the help of new auxiliary variables. In ]ll| this 
allowed to carry out a BRST quantization of these generalized superparticles which yielded 
unfolded equations of motion of higher spin fields as functions of the coordinates of the 
generalized tensorial superspace. The same equations, in a momentum representation for 



spinorial variables, were obtained in |2C], but their meaning as unfolded equations was not 



understood therein. A main result of [|ll| 1 has been that using arguments by Fronsdal p2| , 
who was actually the first to realize the importance of simplectic group manifolds for the 
description of higher spins, it was shown that in D = 4 the dynamics in the tensorial space 
is locally and globally equivalent to the unfolded free higher spin field dynamics in flat 
Minkowski and AdS spaces. 

In the present paper we show that it is possible to avoid the introduction of new 
variables and of the corresponding kinetic terms. The superparticle models pC|, 21 1 are 



quantized in a (twistor) momentum representation in contrast to the tensorial space co- 



ordinate quantization performed in [11]. This allows us, upon applying an appropriate 
Fourier transform, to get higher spin wave functions propagating and satisfying the un- 
folded equations directly in the physical Minkowski and AdS subspaces of the tensorial 
superspace. 

We also demonstrate that both, the flat tensorial superspace and OSp(l\4) can be 
regarded as different coset superspaces of the form ^j|jy|j§^> where GL(4)>D SK is a 
semidirect product of the general linear group GL(4) and of a generalized super Poincare 
group SK, which are subgroups of OSp(l\8). As a consequence the Cartan forms (or 
supervielbeins) of the two super manifolds are related to each other by a GL(4) transfor- 
mation. As a byproduct we find that the Cartan one-forms of any supergroup OSp(l\2n) 
(n = 1, • • • , oo) are GL(2n) flat, i.e. that they differ from the Cartan forms of a correspond- 
ing flat tensorial superspace by a definite explicitly found GL(2n) rotation (see Section 6). 
Such peculiar properties of OSp(l\2n) and in particular of the OSp(l\A) supermanifold will 
allow us to quantize the superparticle on OSp(l\A) in a simple way by applying the twistor 
technique used for the quantization of the superparticle in flat tensorial superspace |2(]] and 
adopted below to the derivation of the unfolded higher spin field equations in Minkowski 
and AdS^ superspaces. 

Our conclusion, which is in agreement with the philosophy of |f22"| , [20| , ^l| , |TT| , |l~2|] , is 
that tensorial spaces, and in particular supergroup manifolds OSp(N\2n), should play more 
fundamental role in the construction of the higher spin field theory than the conventional 
Minkowski or AdS space-time. 

2. Review of the tensorial particle model 

The action of the N = 1, D = 4 superparticle with tensorial coordinates has the following 
form 

S = J dr X a X/3 (d T X a P - i d T 9 a d p ) , (2.1) 
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where 

x aP = xPa = 2 1$ xm + \ t£& y mn ' ( 2 - 2 ) 

x m = 7^X a/3 are conventional D = 4 space-time coordinates (m=0, 1,2,3), y mn = 
7^ are antisymmetric tensor coordinates, 9 a are anticommuting Majorana spinor co- 
ordinates and X a are auxiliary commuting Majorana spinor variables (a = 1, • • • ,4). The 
physical meaning of the tensorial coordinates y mn is to provide the superparticle, upon 
qunatization, with infinitely many integer and half-integer spinning degrees of freedom 
|2Cj. So the generalized superspace (X a @ , 9 a ) can be regarded as an extended 'higher- 
spin' superspace which, as we shall see below, possesses an OSp(l\8) symmetry (see also 
|j~l| , |i~2^ ] and references therein) and can be realized as a coset superspace gl^^k ' wnere 
GL(4)z> SK is a semidirect product of the general linear group GL{A) and a generalized 
super Poincare group SK which are subgroups of OS*p(l|8). 

The action is manifestly invariant under £0(1,3) Lorentz rotations 

s\a = ijx p , se a = i a %, 6x<*p = -x a n^ -x^i^ , (2.3) 

constant translations in the space of X a @ 

5X a(3 = a a/3 (2.4) 
and under global N = 1, D = 4 supersymmetry transformations 

S9 a = e a , 6X a/3 = --{e a 9 p + e p 9 a ), (2.5) 
the corresponding superalgebra being 

{Qa, Qp} = Pap = -27£> Pra + 7™ Z mn , [P a/3 , P^ S ] = [P a p, Q y ] = , (2.6) 

where Q a are supersymmetry generators, P m are D = 4 translations and Z mn = —Z nm are 
tensorial charges generating the translations along y mn . 

From eq. (2.1) it follows that the particle momentum in the D = 4 space is 

P m = \\lm\ P m P m = 0, (2.7) 

and hence the particle is massless. The momenta conjugate to y mn are also constrained to 
be the bilinear combinations of the commuting spinors 

Zmn — ^-^7mnA. (2-8) 

The constraints ( |2.7D , ( |2.8D together with the constraints on the momenta of A 

P a = 0, (2.9) 
and constraints on the momenta conjugate to 9 

7r a = X a X f3 9 p (2.10) 
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imply that in the phase space the superparticle ( |2.lD has only eight bosonic and one 
fermionic degrees of freedom (see [20] for the details). 

The constraints (^7|)-(^10|) are a mixture of the first and second class constraints. As 
has been mentioned in the Introduction, one of the ways to handle these constraints and to 
perform quantization considered in [pCf | is to convert all the constraints into the first class 
by introducing auxiliary variables. This can be done [11] by adding to the action (2.1) the 
terms of the form 



Sadd = / dr[X a d T P a - i X (d rX - \ a d T e a )}, 



(2.11) 

where x( T ) is a Grassmann odd variable and X a is regarded as a momentum conjugate to 
P a which now is unconstrained. 

In what follows we shall follow an alternative way. The constraints can be implicitly 
solved in terms of independent (8j,,lf) supertwistor degrees of freedom by rewriting the 
action (|2.1|) in the following supertwistor form 



S 



where 



is the supertwistor and 



J dr Z a d T Z a 
= (A a , H P , x) 



af3 



p, x 



(2.12) 



(2.13) 



(2.14) 



(small Latin letters from the beginning of the alphabet stand for the supertwistor indices). 
The supertwistor index is raised and lowered by the OSp (1\8) invariant matrix 



C 



ah 



( 

-5 
\ 



^ 



(2.15) 



Z a is the "conjugate" supertwistor 

Z a = C ab Z b = (//*, -A/3, -i x ) 



(2.16) 



so that the bilinear form Z®Z2 a is OSp (1|8) invariant and so does the action ( 2.12j ). This 
implies that also the action ( p.l[) possesses the OSp (1|8) symmetry and we should only 
find corresponding OSp (1\8) variations of the coordinates X a ^ and 6 a . 



3. The OSp{l\&) transformations 

The supertwistors ( p.13 ) and ( |2.16| ) transform under a fundamental linear representation 
of OSp (1|8). The infinitesimal OSp{l\8) transformations 

5Z a = E ab Z b (3.1) 
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are given by symmetric matrices 



7 

9 a Kaf3 



V 



-le 



le 

lK a 

iKp J 



(3.2) 



The corresponding symmetric matrix of the OS'p(l|8) generators is 

^ Pa/3 Ga Qa 
Gp S a 

\ Q/3 s 13 o 



(3.3) 



In terms of the canonical supertwistor variables Z a ( |2.13j ), ( [2.14 ) satisfying the Poisson 
bracket relations [Z a , = C a b, the OSp(l\8) generators are realized as follows 



T, 



ah 



Z a Z\> 



' K A/3 A Q yP XaX^ 

/i A/3 (J, p! J y X 

\ hx n p x o j 



(3.4) 



The components of ( p.3|) satisfy the osp(l|8) superalgebra 

[P,P]=0, [K,K}=0, 

[P,K]~G, [G,G\~G, [G,P]~P, [G,K]~K, 
IG,Q]~Q, [G,S\~S, {Q,Q}~P, {S,S}~K, {S,Q}~G. 

where 



T 



Pa/3 G, 



P 



a/3 



Gp K a P 



(&,{3 



(3.5) 
(3.6) 

(3.7) 



are the generators of the Sp(8) subgroup of OSp ( 1 [ 8) . 

The components of are the GL(A) general linear transformations G£ , the sym- 
metric commuting tensorial charges P a p which include the D = 4 translations P m and 
the tensorial boosts Z mn , and which together with the fermionic charges Q a generate the 
supersymmetry algebra ([2,6|), and 'generalized conformaF boosts 



j£ai/3 _ j^f3a 



a/3 jy-m , a/3 jy-ran 
^ v ' Iran Ji : 



(3.8) 

K nm are their 



where K m are the standard special conformal generators and K mn = 
tensorial counterparts. 

The SO (1,3) spinor indices can be raised and lowered with antisymmetric charge 
conjugation matrices C a @ and C a p. 



°{3 ■ 



(3.9) 



Let us consider the matrix G a p = Ga C 7j g obtained by lowering the index of the GL(4) 
matrix. The symmetric part of G a p generates an Sp(4) ~ 5*0(2,3) subgroup of Sp(8) 
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which contains the D = 4 Lorentz group generated by L mn and vector charge generators 
Z m which can be regarded as AdS^ boosts 

G{ af 3} = M a/3 = 7^ Z m + 7™j n L mn . (3.10) 

The antisymmetric part of G a p contains dilatation D, a U(l) generator U and a 3-form 
charge Z mnp 

G[a(3] = \c a p D + ^U + Zmnp ■ (3-11) 

OSp (1\8) can be regarded as a generalized N = 1, D = 4 superconformal group with S a 
being superconformal generators 



{S a ,S p } = K af} . (3.12) 

Note that S a and K a @ generate a second copy of the generalized super Poincare algebra 
(SK) similar to Q. 

OSp ( 1 1 8) contains the conformal group 50(2, 4) as a subgroup generated by P m , L mn , 
D and K m , but the superconformal group SU (2, 2|1) is not a subgroup of OSp (1|8) because 
of the reasons explained in [p3]| . 5£/(2, 2|1) is a subgroup of a larger simple supergroup 
OSp (2|8). We shall consider a generalization of the superparticle model (|2.1|), which is 
OSp (2\8) invariant, in the next Section. 

Using the variation law (3.1), (3.2) and the particular form of the supertwistor com- 
ponents fl2.13j )-( |2?[6| ) we can easily get the OSp (1|8) variation of X a , 6 a and X a @ 

6\* = g£\ p - k a p(x^ - ^e-y)Xy - i Ka e^x p , (3.13) 
59 a = e a - e 15 g/3 a + e p k^x^ a - K P {x pa - -e p e a ) - ie a o f3 K P , (3.14) 



2 

2 



5X a ? = [a a/3 - % -{e a 6P + ePff*)] - (X^g* + X^gf) + X a ^k yS X s ' 3 - 



_ l _Qcc X fr^ _ IqPx^k^ . (3.15) 

In ( gjj ) and ( gig ) the first terms are iV = 1 supersymmetry transformations ([2.4!) , (p.5| ) 
in the -D = 4 superspace extended with the tensorial directions, the second terms contain 
50(1,3) Lorentz rotations fl3lC| ) (when = l mn and dilatations ( pi)) (when 
gafi _ Q<*P anc [ the remaining terms are generalized conformal and superconformal 
boosts. 

The action (24), as well as the constraints and the equations of motion which it 
produces, are invariant under the OSp (1|8) transformations (|3.13|) - (|3.15|) . Note that under 
( 3.13 )-( 3.15 ) the one forms 

jja/3 = dx a[3 _ » q(3 + d gf3 ga^ ^ = dQ a (3.16) 

transform as follows 

<5n a/3 = n Q,/3 5o , a (X, 9) + U af3 ' g/(X, 6) , (3.17) 
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where gJj(X,9) are the infinitesimal 0Sp(l\8) transformations nonlinearly realized on the 

coset superspace J^^g^ in terms of GL(4) matrices. SK stands for the copy of the 

generalized super Poincare subgroup of OSp{l\8) generated by S a and K a p ( 3.12 ). We 

have thus demonstrated that the generalized superspace (X^, 9 a ) is the coset superspace 

OSp(l\8) 
GL(4)X>SK- 

Note that the finite OSp (1|8) variations of X a and U a/3 are 

A Q = G~ la ' (X, 9) X a i , 11^ = n a '^' G a , a (X, 6) G/(X, 6) , (3.18) 
from which one immediately sees that the action fl2.1|) is OSp (1|8) invariant. 



4. The OSp(2\8) invariant model 

As we have mentioned, a conventional superconformal group SU (2, 2\1) is not a subgroup 



of the supergroup OSp(l\8) but is a subgroup of 05p(2|8). As it has been found in [ 20] , 
there exists a generalization of the action (|2.1|) which is OSp(2\8) invariant. It has the 
following form 



s = j dr x a x B (d T x<*e -^dre^e^ + l -ad T e 1 mn e 1 ^ n , 

where < a < 1 is a numerical parameter and 

va/3 _ yBa _ \ aB m , ° mn 



When a = 1 eq. ( fO| ) reduces to ( |2.1[ ) due to the Fierz identity 

pa{P(-ti}8 _ \ ma8 B-y _ }_ mnaS B-y 
^ ^ I im g / Iran • 



Using other Fierz identities the action (]4.1[) can be written as 
S = I dr X a X/3 



d ^ x aB _ »(l + 0) g^/J + »(3__a) (a ^ 7 5 )a( ^5 ) /3 



2 2 
or in a manifestly invariant OSp(2\8) supertwistor form as 



S 



dr Z h d T Z a 



where 



and 



Z a = (A Q! /, x*), * = 1,2 



X a/3 _ p/9 _ iM y^fj] X 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 
(4.6) 



(4.7) 
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The supertwistor index is raised and lowered by the OSp (2 [8) invariant matrix 

/ si 



C 



ah 




y -ift 



As in the previous Section starting from linear OSp (2|8) transformations of the su- 
pertwistor (}4.6|) generated by the matrices 



T 



ab 



( Pa/3 G£ Q 
Qa K a/3 gja 



(4.9) 



\Q i /3 & 

one can find corresponding OSp (2\8) variations of X a @ and 9 a . 

5. Quantization and higher spin field equations of motion 



The quantization of the superparticle models described by the actions (2.1), (4.1) and 
fl4.4j ) has been considered in detail in |2(| so we shall just present main results which are a 
direct consequence of the quantization of the free supertwistor models ( |2.12 ) and fl4.5| ). In 
particular, for the values of the parameter a / 0,1 the action ( [4.5D is of the first order form 
with X a and x being the coordinates and fi a and 2ix being the corresponding conjugate 
momenta. Upon quantization the Poisson brackets of the canonical variables 



[Ha, = $8, {x, x}l 



(5.1) 



are replaced with the (anti)commutators according to the rule [ , ]p — * i[ , ] and 
{ , }p — > — i{ , }, and the quantum states of the superparticle are described by a wave 
function of A Q and x = X 1 + *X 2 



+ !Xf 1 - a ") 



(5.2) 



n=0 



For further analysis it is useful to rewrite the wave function ( (5.2| ) in a two-component Weyl 
representation of the spinor X a 



X a = (X A ,X A ), (A, A = 1,2) 
where X A and X A are complex conjugate Weyl spinors. We thus have 

<&(a a> x A , x ) =ET=o \ Al ---\AA<P M --- A -(\A\ A ) + ixV^ An (\A\ A )] 



(5.3) 



(5.4) 



where (^(A^A^) and i/j(X a A a ) depend on the product of the complex conjugate spinors, 
which because of Q2.7|) is equal to the superparticle momentum 



P 



AA 



rr m ■ P 



X A X 



A' 



(5.5) 
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a AA b em § Pauli matrices. Therefore, the functions (|5.2j ) and (|5.4| ) describe quantum states 
of the superparticle in the momentum representation. This has been obtained in p5| . 

In the case a = 1 there is only one real fermionic variable % ( see e Q- Q4.7D ) which 
becomes a Clifford variable ((x) 2 = 1) when one applies the standard Dirac quantization 
procedure and solves the second class constraint relating x with its conjugate momentum. 



As a result the wave functions ( |5.2j ) and ( |5.4| ) become Clifford 'superfields' |2C]. 

Finally, when a = in the action ( |4.4| ) there is an additional first class constraint 

f, A X A - fl A X A + 2ixx = 0. (5.6) 

This constraint implies a helicity condition on the wave function (|5.4| ) 

(A '^-^4 + x !~ s) * (A ' x) = ' (5 - 7) 

where s is an integer constant which appears because of a quantum ordering ambiguity 
in ( |5.6[) and takes several fixed values |24], [2f|. As a result, when a = the spectrum is 



restricted to the one of a massless (anti)chiral iV = 1, D = 4 supermultiplet with s being 
the corresponding super helicity. On the contrary, when a / the helicity constraint is 
absent and one has the infinite tower of massless fields of arbitrary integer and half integer 
helicity which we shall now show to obey the Vasiliev unfolded higher spin field equations. 
For this we should pass from the twistor wave functions (5.4) to D = 4 coordinate wave 



functions which satisfy standard equations of motion of corresponding massless spin fields. 
This is achieved by performing a Fourier transformation using a prescription analogous 
to one proposed in [^4|, [25| (see also |2(], 27] for relevant formulations in terms of Lorentz 



harmonics and 'index' spinors). Before presenting a general formula, let us consider several 
simple examples. 

s=0 

The spin zero quantum state of the tensorial superparticle is described by the n = com- 
ponent 4>q(XaXa) of (|T4|). To get its coordinate representation we just multiply ^o(AaA^) 
by exp (ix m P m ) (where P m is defined in (|5.5|)) and integrate over Xa and A^ 

<i>{x) = ^J d 2 Xd 2 Xe ixmPm M^A~X A ), P m = 2Xa m X . (5.8) 

Note that integration involves four independent components of Xa and A^ three of which 
are associated with the components of the lightlike momentum P m and the fourth one is 
the phase 

Xa = e iv XoA , < up < 2vr , (5.9) 



under which P m of eq. (5.5) is invariant. So the integration over ip gives a factor of 2ir 



which is canceled in ( |5.§| ) by the normalization constant. Because of the relation (5.5) the 
wave function ( |5.8| ) satisfies the Klein-Gordon equation 

This equation just reflects the fact that in the classical model there is a first class constraint 
P m P m = ( [2. 7] ) which ensures the quantum states of the superparticle to be massless. 
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s=l/2 

The spin s = 5 states come from the n = 1 component of <p or from the n = component 



of t/j (eq. ( |5.4D ). In the latter case the spin 1/2 state is a superpartner of the scalar state 
discussed above, since x = G a Xa- Consider, for instance, the function A^c^^AA). To 
convert it into the coordinate spinorial wave function we multiply it by exp (ix m P m ) and 



Xa (so that again A and A appear in pairs) and perform the integration as in eq. (5.8) 



^ A {x) = L j d 2 Xd 2 Xe ixmPm \ A X A (f) A (XX). (5.11) 



By construction, in view of (|5.5|), the spinorial function ( |5.11 ) satisfies the Weyl equation 
for a massless spin 1/2 field 

a™ A d m ^ A (x) = 0. (5.12) 

Note that if we did not multiply A^ 4> A (XX) by Xa the integrated expression would depend 
on the phase factor ([|1]) and the integral J dip e tLp would vanish. This is a generic situation. 
The integral over A and A vanishes unless the number of A and A in the integrated expression 
match. 

At a = the chiral N = 1, D = 4 superfield which describes a scalar N = 1 supermul- 
tiplet of spin and spin 1/2 states is extracted from ( |5.4| ) as follows 

$( X) 0) = J- [ d 2 Xd 2 Xe i{ - xm - ie ° m ^ Pm $(A, A,x), x = Aa# A - (5.13) 
2vr J 

s=l 

Using the same procedure as above one gets from ( |5.4D the self-dual and anti-self-dual 
field strengths of an abelian gauge field 

Fab{x) = ^ j d 2 Xd 2 Xe ixmp - X A X B <£(X, X, X )\ x =o = 



1 

2^ 



d 2 X d 2 X e lxmp - X A X B A a A,, 4> AlM , (5.14) 



F ab^) = ^ f d 2 Xd 2 Xe ixmPm X A Xg$(X, A , x)| x =o = 

= h J d2xd2 ~ XeiXmPm X a x b A a x Aa 2 cp AlM , (5.15) 

Fab{x) and F A ^(x) satisfy the Bianchi identities and the Maxwell equations written in 
the following form 

oJ A d m F AB (x) = , G™ A d m F AB (x) = . (5.16) 
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5.1 Higher spins and Vasiliev's unfolded dynamics 

We are now in a position to write a general expression which relates the wave function 
with a generating function C(a, b, x\ x ) which satisfies conformal field equations describing 



an 'unfolded' higher spin dynamics in flat D = 4 space-time [fR], [ll| 12|. C(a, b, x\x) 
depends on auxiliary spinor variables a A , b A and x satisfying star product commutation 
relations (actually, a A and b A are creation operators acting in a Fock space of higher spin 
states 0) 

[a A ,b B ] = 5 A B , [a A ,b B } = S B , { X ,X} = 1 (5-17) 
and is expressed in terms of $(A,A,x) (eq. (|5.4|) ) as follows 

l 



C{a,b,x\x)= £ E b A - ( X ) k C Ai ... AnAi ... Amik (x) 

m,n=0 k=0 

£ 2~n~l / d2xd2 ~ X ^ A ~ X A) m ( bA ^A) n e lxkx ^ x HX,\,x). (5.18) 

7 1 n 71171 J 

ition 

for details) 



m,n=0 

By construction ( |5.18j) satisfies the equations of unfolded higher spin dynamics (see |l0|, O 



o2 o 

T C(a,b,x\x) = a™ A —C(a,b, X \x). (5.19) 



The equation (5.19) reproduces dynamical equations of motion of massless higher spin 
fields described by holomorphic C(0, b, x\ x ) and anti-holomorphic C(a, 0, x\ x ) components 
of ( |5.18D and expresses non-holomorphic components, which are auxiliary fields, as space- 
time derivatives of the (anti) holomorphic physical fields. 

As has been discussed in detail in [|ll]] the unfolded system of equations ( |5.19| ) is in- 
variant under an infinite dimensional higher spin algebra hu(l, 1|8) which mixes different 
higher spin components of the generating function (|5.18| ). hu(l, 1|8) contains a finite di- 
mensional superconformal subalgebra osp(2\8). This osp(2\8) superconformal symmetry of 
the higher spin field equations is a manifestation of the osp(2\8) invariance of the classical 
action ( |4.1| ) whose quantization produced the massless higher spin states. 

We have thus found a direct relationship of the quantized superparticle in the gener- 
alized tensorial coordinate superspace with the unfolded classical dynamics of free higher 
spin fields by Vasiliev. 



6. Tensorial superparticles and AdS superspaces. OSp(l\2n) Cartan forms 

In the previous sections we have discussed the dynamics of a superparticle in a generalized 
superspace parametrized by bosonic tensorial coordinates X a @ and Grassmann-odd spinor 
coordinates 9 a having a flat N = 1, D = 4 superspace (x m = ^pX^, 6 a ) as a subspace. 

In order to obtain higher spin fields in an AdS& background we should quantize the 
superparticle propagating on a tensorial extension of the AdS& superspace. The reason 
for this is the following. As we have seen in the previous section, the quantization of 
the OSp(N\8) (N = 1,2) invariant superparticle in the flat tensorial superspace leads to 
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the equations describing free massless higher spin fields. The presence of the tensorial 
coordinates is crucial for the possibility of obtaining the infinite tower of the higher spin 
states. For the description of higher spin fields on AdS^ we should therefore find the 
corresponding generalization of the flat tensorial space to a space which along with the 
coordinates corresponding to AdS± contains additional tensorial coordinates. 

We shall now analyze whether there exists a generalized superspace which contains 
in some form an AdS^ superspace ^^3? ■ An assumption has been made |2l| (see also 
JT^j) that this should be a supergroup manifold OSp(l\4) whose appropriate truncation is 
known to result in the flat tensorial superspace. Note that both the N = 1, D = 4 super 
Poincare group extended with the tensorial charge fl2.6j ) and the supergroup OSp{l\A) are 
subgroups of OSp(l\8) and OSp(2\8) which are symmetries of the tensorial superparticle 



action ( |2.1| ) and (4.1), respectively. 

We start the analysis by observing that the generators of the AdS± boosts can be 
singled out from the generators of the four dimensional conformal group SO(2, 4) by taking 
a linear combination of the generators of Poincare translations P m and conformal boosts 
K m , namely V m = P m + K m . The AdS^ manifold can be considered as a coset space 
(£0(1*3) x£>) air P arame tri ze d by the coset element e^" 1 x ™ . 

Analogously, for the case of tensorial extension of AdS± space let us consider the 
generators 

T a p = P a p + K aP , [V,V]~M, [V,M]~V, (6.1) 

where M a p stand for the generators of Sp(A) (|3.10| ). One can see that V a p and M a p form 
the algebra of 5pi,(4) x Spr(A), where Sp(A) generated by M a p is the diagonal subgroup. 
The generators of Sp L {4) are M L = P + K + M and that of Sp R {4) are M R = P + K - M. 
Thus the extended tensorial AdS± is a coset (group) manifold 

Sp L {A) x Sp R (4) 
Sp(4) ^(4) ' (6 ' 2) 

Sp(A) is a diagonal subgroup of Spz(4) x Spr(4), which is a subgroup of Sp(8) and this 
manifold can be realized as a coset space G i^^ K with the coset element e^ p+K ^ a ' 3 x<xli . 

Let us note also that, as we have discussed in Section 3, the flat tensorial space associ- 
ated with P Q/ 3 can be realized as a formally similar but different coset space qw^^k with 
e -P Q /3^ a ' 3 being the coset element. 

As to the superspace generalization, to get the tensorial extension of super AdS^ we 
should add to the bosonic generators V = P + K the fermionic generators 

Q = Q + S, {Q,Q}~P + K + M = M L . (6.3) 

One can see that Q and Ml = P + K + M form the super algebra of OSpl(1\4), and the 
coset superspace in question is 

OS PL {l\A) x S PR (4) 

Sp(4) ■ [ °- ) 

One should also note that this supercoset is isomorphic to OSp(l\A). I.e. the sim- 
plest tensorial extension of the N = 1 supersymmetric AdS^ is the supergroup manifold 
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OSp(l\4). Like the flat tensorial superspace (see the discussion after eq. (|3,17| )) the ten- 
sorial extension of the AdS± superspace can be realized as a coset superspace 

°* (1|8) (6.5) 



GL(4)E> SK 



both being embedded in a certain way into OSp(l\8). 

The next question we would like to address is whether the supergroup manifold OSp(l\4) 
is related via a GL{4) transformation to the flat tensorial superspace whose supervielbeins 
transform under superconformal Sp(l|8) by induced GL(4) rotations as has been shown in 
eqs. ( |3.16 )— ( 3.18 ). We know from ||| that the conventional AdS/± superspace ^gwjjy is 



super confer mally flat, i.e. the corresponding supervielbeins can be written in the form 

E AA = e Z(x,0,e) u AA = e 9( x ,e,S) {dx AA _ ide A § A + tfAfflA) ( 6 . 6 ) 

e a = e *(x,e,§)+iw(x,e,e)( de A + 2 m AA D A <S>), (6.7) 

where &(x, 6,6) and W(x,6,6) are super functions. We see, for example, that the vector 
AdSi supervielbein (|6.6|) is related to the flat superspace supervielbein H AA by a Weyl 
rescaling. For an earlier detailed discussion of various aspects of superconformal field theo- 
ries in the AdS$ superspace and their relation to superconformal theories in flat superspace 



see 28 



In our case of the tensorial superspaces the role of the "Weyl" factor is played by the 
GL(4) matrices (see ( p,18| )). An analogy with (3.18) allows us to assume that the bosonic 



supervielbeins fl a ^ of OSp(l\4) can be put into the form similar to ( p.!8| ) and in this 
sense are l GL{4) flat'. Actually, this turns out to be the case for an arbitrary supergroup 
manifold OSp(l\2n) as we shall show below. 

Let us first consider the case of a bosonic simplectic group manifold Sp (2n) (n = 
l,---,oo). We call a manifold l GL(2n) flat' if its vielbein (or Cartan form) uj a ^ = 
dX^u^u^iX) is flat up to a GL(2n) rotation 1 



a/3 



(X) = dX ' 13 ' G a , a {X)Gp,P (X). (6.f 



The Maurer-Cartan equations for the group manifold Sp (2n) have the form 



dw aP + ^cu^ A u>/ = . (6.9) 



Substituting (6.8) into ( |6.9| ) and solving for G a i a one gets 



{G a ' a y 1 = 5*' a + \x a , a , G a i a = 5 a , a + (-^Y (XT**, (6-10) 

n=l 

where a is a parameter of inverse length dimension, which in the case of Sp{4) is propor- 
tional to the inverse AdS± radius a = ^. Thus the Sp(2n) is GL(2n) flat and it reduces 
to the flat tensorial space of Sections 2-5 when a = 0. 

1 We should stress that this is a nontrivial property in that it implies that the Cartan form component 
matrix u^ (X) is a "direct product" of GL(2n) matrix components u^ (X) = i[G M " (X)G/ (X) + 
GfJ 3 {X)G v a (X)], which of course does not take place in the case of a generic matrix. 
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These results are generalized to a super group manifold OSp(l\2n) whose Maurer- 
Cartan equations have the form 

d0. a/3 + |jT 7 A = -iE a A E@ (6.11) 

dE a + ^EP A n p a = 0. (6.12) 
After introducing the new Grassmann variable Q a 

e a = e a '{G a , a y 1 p- 1 (e 2 ), (6.13) 

one can verify that the Maurer-Cartan equations ( |6.11| ) are satisfied by the following 
GL{2n) flat ansatz 

n *i3 = n a'/3' g^cg ^ Qq ,« = Gq ,« ( X ) _ !^( Qq , _ 2G^e 7 )9 Q , (6.14) 



= P(Q' 2 )VQ a - O a VP(G' 2 ), P(Q 2 ) = \ll + ^QPQp (6.15) 



where V = 5a d + ^cjc/^X) is the covariant derivative, G a > a (X) has been defined in ( 6.1C| ) 



and U af3 = dX a(i - %(d8 a 6P + d9^6 a ) being the flat superform §11). The bosonic Cartan 
form ( 6.15| ) is bilinear in the Grassmann coordinates O ( |6.13j ), as has been found in 21] 



Q a(3 = u a/3( X j + _(®* V qP + @PvG a ), (6.16) 

which is an indirect check of the GL{2n) flat ansatz. 

7. Quantization of the superparticle on OSp(l\A) and higher spin fields on 
the AdS± superbackground 

As it could be expected from the discussion of the previous section the quantization of 
the superparticle propagating on the OSp(l\4) supergroup manifold leads to the theory of 
massless higher spin fields in the AdS^ background. 

In order to show this explicitly let us start with the OSp(l\4) invariant superparticle 
action of 

r drA a Apn a P, (7.1) 



where Q a @ has been written in ( 6.16j ) and A Q is a commuting Majorana spinor similar to 
X a . 

As it has been proved in the previous section the OSp(l\4) supergroup manifold (being 
the tensorial extension of the AdS± superspace) is GL(4) flat, i.e. its Grassmann-even 
Cartan form can be presented in the form ( |6.14j ). This property essentially simplifies the 
analysis and the quantization of the action (|7.1|) since after the redefinition of the twistor 
variables 

A a = g- la '(x,e)\ a , 
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the action takes the 'flat' form 



S = I dT\ a \pU al3 (7.2) 



and can be further rewritten in the pure supertwistor form fl2.12| )-( ^.14 ). Therefore the 



OSp(l\4) model is classically equivalent to the superparticle in the flat tensorial superspace. 
The group theoretical reason for this is that both superspaces are realized as a coset 
superspace g^^f^g^- • As a consequence, when quantizing the system on OSp{l\A) one can 
follow the same lines as in the flat case. Namely, due to the classical equivalence between 
the flat and OSp(l\4) superparticle the quantum states of the latter are again described by 
the 'twistorial' wave functions (fjjj), but their 'Fourier' transform to the coordinate wave 
functions on the AdS^ superspace should be performed in a different way. These wave 
functions should now obey unfolded equations for higher spin fields on AdS^. In other 
words performing quantization and deriving the equations of motion one should respect 
the symmetries of the original classical superparticle model on the tensorial extension of 
AdSi (see [23] for the relevant discussion). 



As an illustration consider first several examples corresponding to the bosonic AdS± 
case. Let us take the AdS^ metric in a conformally flat form 

(7.3) 

where 2 p(x) = In fi^rp ? and the corresponding vielbeins and the spin connection are 

p(x) p(x) 

e m — e 1 "mi e a — e 1 °a > 

1 p(x) 

^m,ab = -^(Varndbpix) -r] bm d a p(x)), u c ,ab = e™uj m , ab = e 2 uj c ab . (7.4) 

For our purposes it is useful to rewrite these expressions in the two component Weyl spinor 
notation: 

e MM = e2S M 6 M> UJ AA,BC = ~^ e 2 ( e BAd Ac p(x)+e C Ad AB p(x)), (7.5) 
then the AdS^ covariant derivative is defined as 

D MM®AA = -\°Zu d ^AA + ^Mm/^BA + ^Mm/^AB ■ ( 7 ' 6 ) 

s=0 

By the analogy with Section 5 we take the following ansatz for the scalar field wave function 
on AdSi 

4>{x) =^J d 2 \d 2 \e ixmp ™-^ M^a\ A ), (7-7) 
which satisfies the following field equation 

(D m D m + 2)^(x) = 0, (7.8) 



2 For simplicity we put the radius of the anti de Sitter space equal to one. 
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i.e. the conformally invariant equation for a massless scalar field propagating on the four 
dimensional anti de Sitter space || [?], ||, p3fl , D m = d m + w m being the AdS± covariant 
derivative. 

The form of the equation ( |7.8|) is in a full correspondence with our previous discussion. 
When considering the quantum version of the classical constraint fl2.7| ) the momentum 
operator P m = —ig§^ becomes non Hermitian in the anti de Sitter background and one 
should consider instead the covariant Laplacian, while because of the quantum ordering 
ambiguity, the value of the "effective mass" appearing in ( |7.8| ) can be fixed by the require- 
ment of the conformal invariance of the mass shell equation ||. 

s=l/2 

We take the ansatz for the wave function in the form 

M%) = ^ / d 2 \d 2 \e ixmp ™-i^ \ A \ A 4> A (\\), P m = 2\a m \. (7.9) 

which is an AdS± generalization of the corresponding flat wave function (5.11). The value 
3 of the p(x) factor being now fixed by the requirement for ([T.9|) to satisfy the AdS± 



i 



D M M^) = 0. (7.10) 



Dirac equation 

"-AA ^mm 

The procedure described for the spin 1/2 field is straightforwardly generalized to fields 
of arbitrary (half)integer spin s = n/2. The wave function of the form 

4>A u ...A 2a (x) = 

= i- J d 2 Xd 2 Xe" AA ^A-^) x Ai ...X Ms X Ai ...,A i2s ^ -^(AA), (7.11) 

satisfies the higher spin field equation 

<i^MM^ Al '-' A2s (x) = 0. (7.12) 

We are now in a position to establish the relationship of the quantized particle on the 
group manifold Sp(4) with the unfolded dynamics of higher spin fields in AdS^. In the 
unfolded formulation [|l|, [K], 11] a field with the spin s is described by an infinite chain of 
equations 

D MM C A 1 ...A n+2a ;A 1 ...A n ( X ) = 

= e Af L M C A 1 ,...A n+2a ,A-,A 1 ...A n ,A^ ~ + 2s ) e MM,{A 1 A 1 C A 2 ...A„ +2s ;A2-A n }( x ) ( 7 - 13 ) 

and by their complex conjugate. The scalar field is described by the set of fields with an 
equal number of dotted and undotted indexes. The fields Ca 1 ...a 2!I ;o(x), C q . Ai a 2s {x) and 
Co : o (for the scalar field) are physical and all the other are auxiliary. For spin s / one 
obtains from the first equation in the chain ( f7. 13 ) the dynamical equation of the physical 
field 

e^jD MM C A ^(x) = (7.14) 
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while the other equations imply no further conditions on the physical field but just express 
the auxiliary fields via derivatives of the physical field. For the scalar field the situation is 
slightly different. From the first two equations in the chain ( [7.13 ) one obtains the Klein- 



Gordon equation for the field Co t o(x), while the other equations express the auxiliary fields 
in terms of the higher covariant derivatives of the basic scalar field. 

Now one can explicitly see that by identifying the wave function ( [7.7| ) with Co t o(x), 



the wave function ( 7.11 ) with Ca 1 ...a 2b (x) and D^^C^ ...A 2a }( x ) with the auxiliary fields 
one obtains the complete correspondence between the superparticle model on Sp(4) and 
the unfolded massless higher spin dynamics in the AdS± space. 

We should note that higher spin plane wave solutions on AdS& have been obtained in 
J29| | along with the corresponding generating functional 

Cplane(y,yk) = 

= co exp {i(y A y A + \ A \ A )x AA - ^ + (1 - * 2 )§ (y A X A + y A \ A )} , (7.15) 
i d d 

C A*.!a.2.( X ) = dy~M ' ' ' Q^Ml Cplane^, y\x)\y=y=Q , 

where cq is a constant and the auxiliary oscillator variables y A and y A satisfy the Moyal 



star product commutation relations [11] 



[y A ,y B ] = 2ie AB , [y A ,y B ] = 2ie AB . (7.16) 

The generating functional for the generic solution ( |7. 1 1| ) of the higher spin equations (|7.13| ) 
on AdSi is obtained by replacing cq in (|7.15| ) with 

CO 

*(A A) \ A ) = Y1 [AA 1 ---A An ^ - A "(A A A A ) + A Ai ---A An ^--^(A^A y4 )] , 

n=0 

and integrating over \ A and A^ 

C{y,y\x) = 

(7.17) 

The connection between the unfolded formulation of higher spin fields in AdS^ and 
the quantum spectrum of the particle on the group manifold Sp (4) established above can 
be generalized to the supersymmetric case. The generating functional J7.17 ) will now also 



depend on the Grassmann-odd supertwistor variable x- For example, this can be done 
in the framework of a minimal N = 1 higher spin field theory which corresponds to the 
OiSjp(l|4) supersymmetry [13, 14]. In this formulation the bosonic part of the generating 



functional contains fields with only even values of spin, while the wave functions of the 
superpartners are related to each other by acting on the bosonic (fermionic) part of the 
generating functional C(y,y\x) with the supersymmetry generator Q (|6.3[) which in the 
unfolded formulation is realized as Q a = y a {x + X) ( see Sections 3 and 6). Thus according 
to [^, 14] one can obtain the supersymmetric description of the fields (|7.11| ) grouped into 



irreducible AdS^ supermultiplets. 
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8. Conclusion 



We have demonstrated that the quantization of the superparticle propagating in the flat 
tensorial superspace and on OSp(l\4), which are different cosets gl^^k > produces the 
free massless higher spin field theory in flat and AdS^ superspaces, respectively. An im- 
portant property of OSp(l\4), and in general of OSp(l\2n), which we have revealed and 
which has allowed us to find the explicit spectrum of quantum higher spin states of the 
superparticle on AdS^ is the GL(2n) flatness of these supergroup manifolds. It would be 
of interest to analyse whether other groups and supergroups possess this property. The 
connection with the unfolded dynamics of higher spin fields has been achieved for both, 
the flat and AdS^ superbackground by taking the appropriate "Fourier" transformation of 
the wave function of the quantized superparticle. 

The fact that the quantization of the superparticle dynamics on the tensorial super- 
s P ace gl S (4)ss'k resur ts in the dynamics of massless higher spin fields in an associated 4D 
superspace-time is in a complete correspondence with the results of [11|, where an alter- 
native quantization procedure was applied, and with [12] where it has been shown that the 
requirement of the causality and locality of the theory on the tensorial space singles out 
the 4D space-time as a subspace of the tensorial space on which the dynamical higher spin 
fields are localized. 

The natural development of these results would be to consider the dynamics of the su- 
perparticle in higher dimensional and curved superbackgrounds and to study the possibility 
of introducing interactions of the higher spin fields in this way. 

Let us also note that the explicit GL{2n) flat representation of the Cartan forms of 
the supergroups OSp(l\2n) found in Section 6 can be useful for many applications where 
these supergroups appear, for instance, for the analysis of a conjectured OSp(l\32) and 
05p(l[64) structure of M-theory (see [23] for references). 
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Note added. When this article was ready for publication, the paper |3(| appeared 
on the net in which, in particular, Cartan forms and solutions of the free massless field 
equations in the tensorial AdS (super)space, which generalize ( |7.15| ), have been constructed 
using a star product realization of the osp(N\2n) super algebra. One can assume that the 
construction of []30|] should essentially simplify with the use of the GL(2n) flatness of the 
OSp{\\2n) Cartan forms found in the present paper. 
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